Bifurcation analysis is applied to the spontaneous spatial symmetry breaking occurring in the ground state of two-component Bose-Einstein condensates. The cusp catastrophe describing the supercritical pitchfork bifurcation associated with the symmetry breaking is derived via the identification of the local curvature of the Gross-Pitaevskii energy functional. The bifurcation diagram and universal scaling laws for the eigenvalue and energy are obtained from the catastrophe function.
Introduction
The experimental realization of two-component Bose-Einstein condensates (2BECs) [1] [2] [3] opens the door to a systematic study of a wide variety of interesting ground state structures of a new class of macroscopic quantum fluids. Hartree-Fock theory predicts the gravitational separation [4] , symmetry-preserving phase separation [5, 6] and spontaneous spatial symmetry breaking [7, 8] in the ground state of 2BECs due to a repulsive interspecies interaction. Recently, the collapse in coupled BECs has also been investigated theoretically under an attractive interaction between atoms in different quantum states [9] . In contrast to onecomponent BECs, various control parameters affect the stability of the ground state of 2BECs. Besides the inter and intraspecies interactions, the number of atoms [7] , the geometry of the trap potential and the temperature [10] also have substantial effects on the stability.
At zero temperature, the ground state of 2BECs is determined as a global minimum of the Gross-Pitaevskii energy functional (GPEF). Thus the occurrence of an instability in the ground state and a subsequent transition to a more stable one is necessarily accompanied by the structural change of the surface geometry in the GPEF. In our previous paper [11] , we showed that the stability of the stationary solutions in the GPEF can be identified by examining the eigenvalues of the curvature matrix of the GPEF. The characteristic features of the symmetry breaking in 2BECs have been verified in various types of trap potentials by analysing the stability signature. However, to obtain a full understanding of the symmetry breaking, it is necessary to perform bifurcation analysis, elucidating the topographical properties of the GPEF as a function of the control parameter. Recently, a general scheme for the bifurcation analysis, that enables us to derive the catastrophe function from the GPEF, has been proposed [12] . The collapsing behaviour of one-component attractive BECs has been analysed using the catastrophe function that describes the saddle node bifurcation.
In this paper, we applied catastrophe theory to the study of the bifurcation associated with a discrete symmetry breaking in 2BECs. Catastrophe theory provides a detailed mathematical description of how the surface geometry of the energy functional changes with control parameters [13] . Around a critical point, the local geometry of the energy functional is described by a certain catastrophe function whose normal form is determined by the number of zero eigenvalues in the Hessian matrix and the control parameters. Our study reveals that the catastrophe associated with discrete symmetry breaking in 2BECs is of cusp-type describing the supercritical pitchfork bifurcation [14] . Starting from the Taylor expansion of the GPEF we derived the cusp catastrophe function, and obtained the bifurcation diagram and universal scaling laws for the eigenvalue and the energy, which are in quantitative agreement with the numerical results.
In section 2, the basic theory and numerical computations are explained. The stability signature is identified by investigating the eigenvalues of the curvature matrix of the GPEF subject to the constraint that fixes the number of particles. In section 3, a detailed bifurcation analysis is presented by deriving the catastrophe function associated with the symmetry breaking of the 2BEC from the GPEF. Finally, the conclusion is given in section 4.
Gross-Pitaevskii energy functional of the 2BEC
The ground state of the 2BECs is determined by minimizing the GPEF as
where N i and i are the number of atoms and condensate wavefunction for the i th species, respectively. We append the normalization conditions, R i = N i ( dr | i | 2 − 1) by introducing the Lagrange multiplier µ i . By scaling the length and energy with respect to harmonic units of l = √h /mω andhω, respectively, the one-body operator is reduced tô
is the anisotropic parameter along the σ axis.
We consider the condensates of two different quantum states of 87 Rb with an equal mass of m = 1.45 × 10 −25 kg, which has been experimentally achieved for atoms in the |F, m f = |1, −1 and |2, 1 hyperfine spin states corresponding to components 1 and 2 in our study, respectively [2] . The trap frequencies are assumed to have the same radial frequency ω = 90 × 2π Hz with an anisotropy of A x = A y = 1.0 and A z = 0.8 to mimic the relevant experimental situation in a time-averaged orbiting potential trap, where the actual trap frequencies were f x = f y = 47/ √ 8 Hz and f z = 47 Hz. Notice that our trap potential and the experimental TOP trap have the same cylindrical symmetry. The atomic interactions are approximated by the pseudopotential g i j = N i N j 4πa i j /l, where a i j is the s-wave scattering length between species i and j . The low inelastic collision cross sections for these atoms are obtained as a 11 = 5.36 nm and a 22 = 5.68 nm [15] . In this experimental parameter regime, we would like to investigate the instability of the ground state of 2BECs and a subsequent bifurcation of the ground state associated with the symmetry breaking as a function of the interspecies interaction a 12 . The symmetry breaking of 2BECs has not been realized experimentally yet, but the recent study of Feshbach resonance offers the possibility to observe various instabilities of 2BECs by tuning the scattering length between atoms [16] . For simplicity we set N 1 = N 2 = 1000.
Since any constant phase can be trivially eliminated by a gauge transformation, the condensate wavefunction i is assumed to be real. By expanding i with respect to the harmonic basis as i = c i α φ i α , the GPEF can be be represented in terms of the expansion coefficients as
α has three components: {α x , α y , α z }, where α σ is the oscillator mode along the σ axis. The three-dimensional integral Z i jkl αβγ δ is further reduced to a product of one-dimensional integrals as
α being the eigenfunction of αth one-dimensional harmonic oscillator for the i th component. Notice that the value of the integral I is non-vanishing only for α + β + γ + δ = even.
Various numerical techniques have been applied to determine the stationary solutions of the GPEF [17] [18] [19] . In this study, we used the gradient projection technique. The stationary solutions were obtained by minimizing the GPEF iteratively while maintaining the required symmetry of i along the direction of the gradient projected onto the linear subspace defined by the projection matrix The normal modes ofH are decomposed into two subspaces. One subspace corresponds to the constraints subspace composed of u 1 and u 2 , and the other one corresponds to the physically relevant subspace whose normal modes are orthogonal to both u 1 and u 2 . It should be noted that the stationary solutions of the GPEF are always orthogonal to the constraint subspace since they are subject to the number-conserving constraints, which means that the first and second eigenvalues ofH are always zero. Thus the onset of the instability and the transition to the symmetry-breaking states (SBSs) occur when the third-lowest eigenvalue λ proj 3 ofH becomes zero [12] . Furthermore, the direction of the symmetry breaking is uniquely determined by the eigenvector corresponding to λ , two condensates overlap one another at the trap centre. As a 12 increases the two condensates become separated from each other with a narrow overlapping region as shown in figure 1(a) . Since a 22 > a 11 , condensate 1 occupies the central region of the trap, pushing aside condensate 2 symmetrically. This corresponds to symmetry-preserving phase separation. For a 12 > a c 12 , the system shows the symmetry breaking along the z axis as given in figure 1(b) . To examine the stability of the ground states, we plot λ proj 3 in figure 2(a) as a function of a 12 for the symmetry-preserving becomes negative for the SPS, whereas it remains positive for the SBS. This means that the onset of the instability in the SPS is always accompanied by the bifurcation of the stable SBS.
The cusp catastrophe describing the symmetry breaking
To carry out the bifurcation analysis, we expand the GPEF around the critical solution 
where (3) can be rewritten as a function of Q l : The coefficients K i jk and K i jkl are derived from the self-interactions containing the integral Z iiii αβγ δ in equation (3) . On the other hand, the coefficients J i , J i j , J i jk and J i jkl come from the interspecies interactions containing the integral Z 1122 αβγ δ . Further application of Thom's splitting lemma [13] enables us to split the terms in equation (4) into two parts: 4 . The interesting point here is that odd powers with respect to Q 3 disappear in F N M , since all terms in equation (3) contributing to Q n 3 for n = 1 and 3 cancel due to the symmetry imposed on the integral I (α z β z γ z δ z ) that must vanish for α z + β z + γ z + δ z = odd. Notice that e 3 has nonzero elements only for {α x = even, α y = even, α z = odd} because it preserves the same symmetry as newly bifurcating symmetry-breaking solutions. Furthermore, c i α is nonzero only for the elements with the index {α x = even, α y = even, α z = even}, because 0 is symmetry preserving.
The present system has a single zero eigenvalue λ proj 3
at the critical point, and single control parameter g 12 . Consequently the local geometry of the GPEF is supposed to be that of the fold catastrophe [13] . The normal form of the fold catastrophe corresponds to yQ
where y andQ are the mathematically defined control parameter and the critical amplitude, respectively. However, it should be noted that the GPEF remains invariant under the symmetry operation with respect to a broken symmetry z , even in the symmetry-breaking parameter regime. Notice that two SBSs that are mirror images of each other with respect to the x y plane, are degenerate [11] . This symmetry requirement makes the catastrophe function take the form In equation (5), the topographical properties of the system (the number and type of the stationary points) are determined by the non-Morse function F N M , because the quadratic terms with respect to Q l (l 4) are structurally stable and do not affect the stability of the solution under a small perturbation of x. Our basic idea is to reduce K 0 + J 0 x + F N M to a standard form of the catastrophe function by use of appropriate scaling parameters. Without loss of generality the catastrophe function can be written as
where α, β and γ are to be determined by the scaling laws. When the system involves a few degrees of freedom the scaling parameters of equation (6) can be determined by using the Lyapunov-Schmidt reduction technique [14] . However, it is practically impossible to derive the canonical form of the catastrophe function with the analytical form of the scaling parameters in the present infinite-dimensional system. As a consequence we resort to a numerical fitting method for the determination of the scaling parameters by comparing the numerical values of the eigenvalue, energy and order parameter with corresponding scaling laws derived from the proposed catastrophe function. 
two degenerate local minima at Q ± 3 corresponding to the unstable SPS and the stable SBS, respectively. At the critical point x = 0, the local minima and maximum merge together into the critical point. By redefining the critical amplitude and the control parameter as follows: 
Conclusion
We have demonstrated that the ground state of a 2BEC composed of two different hyperfine spin states of 87 Rb in a cigar-like trap shows an instability associated with z symmetry breaking. As the strength of the interspecies interaction crosses the critical value, the SPS of the 2BEC becomes a saddle point of the GPEF which is unstable, while the SBS, which does not possess the cylindrical symmetry of the trap potential, becomes a stable global minimum of the GPEF surface. We reveal that the discrete z symmetry breaking in 2BECs obeys the cusp catastrophe of the supercritical pitchfork bifurcation describing the exchange of the stabilities between the SPS and newly emerging SBS. The normal form of the cusp catastrophe function has been derived from the GPEF of the 2BEC. The universal scaling laws for the eigenvalue and the energy derived from the catastrophe function show quantitative agreement with the numerical computations.
